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Asymptotic Theory of Propéller Noise Part II: Supersonic
Single-Rotation Propeller
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This paper gives analytical formulas for the far-field harmonic components of the acoustic radiation from a
B-bladed supersonic single-rotation propeller, in the asymptotic limit B — . The dominant source, for radiation
in a given direction, is identified as located at the Mach radius along the blade span, the radius that approaches
the observer at precisely sonic speed, once in each rotation. Favorable agreement is found between the asymptotic
prediction and the results of full numerical evaluation of the radiation integrals. Singular surfaces in the field
are identified from the asymptotic formulas, which are extended to include chordwise noncompactness effects.
These show, among other things, that supersonic propeller noise is an algebraically decreasing function of tip
Mach number, once chordwise noncompactness effects are taken into account, in contrast to the exponential
increase with tip Mach number of subsonic propeller noise.

Nomenclature
B = number of blades
b = airfoil maximum thickness
C, = lift coefficient
¢ = airfoil chord
Co = speed of sound
D = propeller diameter
F(X) = normalized loading distribution
H(X) = Heaviside step function
h(X) = normalized thickness distribution
Jonn = Bessel function of first kind and of order mB
k, = chordwise wave number,
2mB(c/DYM /(1 — M, cos8)M,
k, = wave number normal to chord,
2mB(c/D)(M? cosb — M )/(1 — M, cosb)zM,
M, = section relative Mach number
M, = tip rotational Mach number
M, = flight Mach number
My(8) = tip Mach number component in direction 6
m = harmonic index
P, = normalized harmonic pressure coefficient
)4 = acoustic pressure
To = hub-observer separation at emission time
S(z) = normalized source strength, see Eqs. (3) and (4)
t = observer time
X = normalized chordwise coordinate
X = observer location
z = normalized spanwise coordinate
z* = Mach radius, defined by Eq. (7)
Z = normalized hub radius
a,,ar = coefficients of loading or thickness distribution at
leading (L) and trailing (7) edge
0 = radiation angle (at emission time) from propeller

axis to observer
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A = sec™(z/z*), see Eq. (9)

v,,vr = eéxponents of loading or thickness distribution at
leading (L) and trailing (T) edge

p = fluid density

T = retarded time, ¢t — ry/c,

o, = phase associated with blade sweep (¢, = 0 through-

out this paper)

V¥, ¥, = chordwise noncompactness factors associated with
blade loading and thickness, respectively; see Eqs.
(5) and (6)

U, = circumferential angle from observer to reference
location, see Fig. 1

Q = shaft angular speed

I. Introduction

N Part I of this paper, the authors' gave a prediction scheme

for the steady loading and thickness components of the
far-field noise of a subsonic single-rotation propeller. The
scheme was based on the asymptotic evaluation of the radia-
tion integrals, with specified distributions of loading and thick-
ness, in the general frequency-domain formulation of Han-
son.? The large parameter underlying the asymptotic
approximations was taken as the number of blades B, so that
the approximation in mind is that of the “many-bladed pro-
peller” but with this understood to imply no more than the
formal limit B — <. Since it is actually the product mB of
harmonic number and blade number that always appears, one
could alternatively think of the limiting behavior as achieved
in the high-frequency limit, corresponding to m — . How-
ever, low-order harmonics are of some importance also, and
it is preferable to regard B as large, with m taking all integer
values, although naturally the asymptotic behavior for a pro-
peller with given B agrees increasingly closely with full nu-
merical evaluation of the radiation integrals as m increases.
The results of Part I were found to be represented by a number
of simple analytical formulas giving in explicit terms the de-
pendence of the far-field sound on observation angle 6; on
axial and tip rotational Mach numbers M, and M,, on the
product mB, and, most crucially, on only the distributions of
loading and thickness close to the blade tip. In this sense,
subsonic propeller noise is tip generated, and the contribu-
tions of all inboard blade sections are exponentially weaker
than those from the tip, when mB >> 1. Effects of chordwise
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noncompactness and of blade sweep were also accounted for
in simple resuits asymptotically valid for large mB.

This paper goes on to the corresponding analysis for a
supersonic single-rotation propeller. Several treatments of this
problem have been given, both in the time domain® and in
the frequency domain,>%’ and there are indeed treatments
that have some overlap with our approach. Specifically,
Hawkings and Lowson,? considering a propeller with super-
sonic rotational speed and zero axial velocity, point out the
separation of the propeller disk into an inner circle, all of
whose points have subsonic velocity toward a given observer,
and an outer annulus, all of whose points at some time in
each revolution approach that observer supersonically. The
boundary is, for an observer in the plane of the propeller
(8 = 7/2) and for M, = 0, just the radius at which the local
(rotational) Mach number is unity. This might lead one to
call the boundary in the general case (M, # 0, 6 # «/2) the
“sonic radius,” i.e., that radius at which the blade element
at some point in each revolution approaches the observer with
precisely sonic speed. That leads, however, to confusion be-
cause the region around that radius is not in general one of
transonic aerodynamics in the usual sense of relative Mach
number close to unity, and of course that radius is a strong
function of observer angle 6. Here we shall give it the name
“Mach radius” and emphasize its dependence on 6, M,, and
M,. Although Hawkings and Lowson correctly identified the
qualitative characteristics of radiation from the regions inboard
and outboard of the Mach radius, they did not, however, fully
exploit the limit mB >> 1 as we shall do here to produce
simple explicit formulas describing—at leading order—the
dominant radiation from the Mach radius and-—at the next
order—from the blade tip.

Now the harmonic amplitudes of subsonic propeller noise
decay exponentially! as |m| — . Accordingly, the waveform
p(x,t) is infinitely differentiable as a function of ¢, for all x.
By contrast, the harmonic amplitudes generated by the blade
region around and outboard of the Mach radius decay only
as some inverse power of |m|, so that there are singular sur-
faces in the field on which p itself, or derivatives of p, will
have singularities. These focusing singularities have been noted
before; they are implicit in the formulation of Ffowcs Williams
and Hawkings® and were analyzed in some detail for thickness
noise by Tam!® and, more recently and in much more detail,
by Chapman,'* Amiet,'” and Lindblad.S We do not draw par-
ticular attention to them, as we are interested in the whole
field, not just in the focusing singularities, whose origin has
been very clearly explained by the authors mentioned. We
do, however, stress that they emerge completely naturally
from our frequency-domain approach, and we indicate very
briefly the essential nature of the singularity for the general
case, covering both loading and thickness noise and all pos-
sible distributions of loading and thickness near the blade
leading edges (which control the strength of the singularities),
and allowing for axial and rotational motion; no such full
picture has been given elsewhere, and it would be straight-
forward from our results to supply all details of this focusing
phenomenon, at any rate within linear theory.

We begin Sec. IT with some definitions and notation, then
continue with a derivation of results illustrating the funda-
mental “Mach radius” mechanism for supersonic propeller
noise. This section includes a comparison of those analytical
results with full numerical computation, and a brief exami-
nation of singularities in the far-field pressure, and it also
describes a first approximation to chordwise noncompactness
effects. These latter are not nearly so simple to deal with as
in the subsonic case, for in the supersonic case there is already
significant phase cancellation in the region outboard of the
Mach radius in the compact-chord limit, so that noncom-
pactness gives rise to a competition between two processes of
rapid cancellation. Effects of blade sweep are similar and can
and should be dealt with at the same time, and so many new
effects are introduced that we have decided to deal with all
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such issues fully in a separate paper. Nonetheless, the simple
approach to chordwise noncompactness leads to some signif-
icant results, among them the prediction that at supersonic
speeds the harmonic amplitudes of the far-field sound de-
crease algebraically as the tip Mach number increases, in marked
contrast to the exponential increase with tip Mach number
that occurs at subsonic speeds.

Section ITI contains concluding remarks, and the Appendix
has brief notes on the relation between the harmonic series
in the frequency domain and the singular pressure in the time
domain.

II. Basic Mechanism of Supersonic Propeller Noise

Definitions
For an observer at rest in static, ambient fluid, the pressure

generated by a propeller with axial and rotational motion-is
time harmonic in the far-field approximation, and Hanson?
has given expressions of the form

mBM,z sind
) 1)

1
P, = f s mors S0
'" 2 (@)oo (1 — M, cosb

for the far-field harmonic components P,, of the radiated
pressure from a B-bladed propeller. A factor

_ pciDB
8wry(1 — M, cos8)

oo| e (i-2) v ims(T-w)| @

has been removed from the P,,, and the source terms S(z)
corresponding to blade loading and blade thickness are given,
respectively, by

S(z) = Mfe""‘"(iky %) T, (k) 3)

S(z) = Mfe"‘”(ki é)‘l’v(kx) “)

(Quadrupole effects are neglected, except in so far as they
contribute to the steady loading distribution, which is assumed
given.) The notation and symbols are defined in the Nomen-
clature and in Fig. 1. We draw attention to the definition of
z as a normalized spanwise coordinate (z = z, the blade hub,
z = 1 the tip) and X as a normalized chordwise coordinate,
X = FY corresponding to the leading and trailing edges,

\

Azimuthal
reference

O (observer in x-y plane)

Fig. 1 Propeller geometry in the nominal disk plane.
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respectively. The chordwise noncompactness factors appear-
ing in Egs. (3) and (4) are defined by

172

V) = [ P ep-ik0 X )

172

Yk) = [ nx0) exp(=ik X0 ax ©)

where F(X) and h(X) are normalized loading and thickness
distributions across the chord. The normalization is such that
in the compact-chord limit k, — 0, we have ¥, = ¥, = 1.

For subsonic relative tip Mach numbers and for thin blades,
the adequacy of Eqs. (1-4) (with careful numerical evalua-
tion, using as input the known thickness distribution and the
loading distribution obtained from standard aerodynamic codes)
has been demonstrated many times in comparison with ex-
perimental data. Whether that remains the case with super-
sonic blades is less clear, and the possible role of quadrupole
sources supplementing those in Egs. (3) and (4) remains open,
although a commonly held view, with some theoretical back-
ing, is that such quadrupole sources are unimportant for suf-
ficiently thin blades. We shall deal here only with the thickness
and loading sources, and our aim is to expose the physical
mechanisms underlying Eq. (1) and to provide simple ap-
proximate formulas that reproduce the exact numerical eval-
uation of Eq. (1) with acceptable accuracy. Our asymptotic
method is, however, perfectly well adapted to the evaluation
of the quadrupole integral also, should that be shown by later
work to be necessary.

We shall study Eq. (1) in the asymptotic limit, B — o, of
the many-bladed propeller. This will actually cover all har-
monic components, m = =1, ..., since [mB] >> 1is what is
needed for the asymptotics (and m = 01is trivial for the single-
rotation propeller, although not for the counterrotation pro-
peller, where m = 0 needs separate analysis). Part I of this
paper showed that this was an effective procedure for subsonic
conditions, where it led to a proof that the radiation was tip
dominated (with exponentially small relative errors) and to
simple formulas for the radiation that gave excellent agree-
ment with the results of full numerical evaluation (except for
tip conditions approaching sonic, where a different asymptotic
description is needed and will be given in a companion paper).
We shall be able to make comparable claims for the corre-
sponding analysis here of the supersonic case, except that the
errors are now algebraically small, rather than exponentially,
implying that a rather higher value of mB will be needed for
a given accuracy. However, the dominant radiation mecha-
nism is now quite different, arising, as has been pointed out
before from a variety of different approaches,®® from sonic
motion of a blade section toward a given observer.

Mach Radius

When the propeller blade tips are operating supersonically,
the tip Mach number component My(68) = M, sinf + M, cos
can be greater than unity for 6 within a certain range. For
each 0 in that range there is a section of the blade, z = z*,
that approaches the observer at 6 with precisely sonic speed.
This section is defined by

1 = z* M,sinf + M, cosd (7

We refer to z* as the “Mach radius” and emphasize the de-
pendence of z* on 6. In this case, the blade tips are no longer
the most efficient radiators of sound since, for large values
of mB, the radiation efficiency, represented by the Bessel
function in Eq. (1), peaks near the radial station defined by
Eq. (7).

For the present we neglect the effects of chordwise non-
compactness, setting the factors ¥, and ¥, equal to unity
(and we have already said that blade sweep effects will be
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ignored throughout this paper), so that the harmonic com-
ponents of the radiated sound are given by

P, = f l S(z)JmB<mB Zi> dz (8)

where S(z) is used generically to denote the source strength
at radial station z. The assumptions made imply that any mB
dependence of S(z) can be factored out of the integral and
that mB appears only in the argument and order of the Bessel
function. It is essential now to recognize that the argument
and order of the Bessel function are large and comparable.

Now for z < z* and mB >> 1, the Bessel function is ex-
ponentially small. On the other hand, for z > z* and mB >>
1 we have the asymptotic approximation’>

J..s(mB sec\)

12
2
~ <m> cos(mB tan\ ~ mBA — w/4) 9

where sech = z/z*, showing that the Bessel function now
oscillates rapidly with slowly changing amplitude. The integral
in Eq. (8) will therefore be dominated by contributions from
the region around z = z*, those from z < z* being suppressed
by the exponential smallness of the Bessel function, those
from z > z* being almost self-canceling because of the rapid
oscillations. Consequently, we can make the approximation

P, ~ S(z*) fo i ],,,B<mB ?) dz (10)

where the source strength is evaluated at z = z* and the
lower and upper limits of integration have been extended to
zero and infinity, respectively, consistent with the leading-
order dominance of the Mach radius region. The integral can
be evaluated!® to give

Z*
mB|

P, ~ 8(z%) (11)

(We note that, for helicopter rotors, Hawkings and Lowson?®
used stationary phase techniques to simplify the integration
over the blade surface for high values of mB. They also found
that the Mach radius provided the dominant contribution to
the radiated sound field.)

Interpretation of this result is most important. If, for given
0, there exists a section z = z* on the blade for which the
Mach number component M, cos® + zM, sinb is unity, then
the radiation in direction 6 is dominated by contributions from
the immediate vicinity of z = z* rather than the tip. If S(z)
is independent of mB, then the decay of those contributions
from the Mach radius is as [mB]}~', and the harmonic series
converges to a function with logarithmic singularities in the
time domain. However, we see from the definition of &, in
the Nomenclature that the loading component of S(z) in-
creases as mB, in which case the harmonic series represents
a waveform containing (pole) singularities of order 1. For the
thickness component, from the definition of k, in the No-
menclature, S(z) increases as (mB)?, so that the harmonic
series represents a waveform containing (pole) singularities
of order 2. (A detailed discussion of the harmonic series re-
sults is given in the Appendix. Taking account of the finite
chordwise dimension reduces the order of these singularities,
as will be shown shortly.) It is thus seen that the present
spectral approach is able, quite naturally, to pick up distinctive
features characteristic of the time waveform—such as sin-
gularities—whenever these exist. Any power law decay with
m gives a singularity in some derivative of p(f), whereas if P,
vanishes faster than any inverse power of m, p(¢) is infinitely
differentiable—and has no special character.
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Fig. 2 Plots of the Bessel function J,z(mBz/z*) as a function of z,
0 < z = 1, with Mach radius z* = 0.75, and with mB = 12, 20, and
96 as indicated.

10dB

i

M,=0.8, M,=0.8, 8=cos ' M,=37°, B=12

—— Numerical solution \

---- Asymptotic solution (Mach radius only)
Fig. 3 The harmonic amplitude |P,| as a function of m for a 12-
bladed propeller with S(z) = const; full line, numerical evaluation of
Eq. (1); dashed line, Eq. (11); axial Mach number M, = 0.8, tip
rotational Mach number M, = 0.8, radiation angle 8 = cos™ ' M, =
37 deg.

[ First harmonic
wel|l]  — o ————
N Fu.II numerical
SPL(B) calcplation
|| T = T—— T T

0.7 075 08 0.85 09
Tip rotational Mach number

Fig. 4 Comparisons between full numerical evaluation of Eq. (1) and
the asymptotic prediction of Eq. (11) (absolute levels) for a supersonic
propeller with 12 straight blades, flight Mach number M, = 0.8,
emission angle 8 = cos™' M.

The result in Eq. (11) can be proved rigorously by standard
techniques of analysis and also by stationary phase methods
[by writing the integral in Eq. (1) as a double integral over
the propeller disk], as was indeed done by Hawkings and
Lowson® in a restricted case. It might be thought that Eq.
(11) would hold only for very large values of mB because the
underlying arguments seem to hold only when mB is very
large indeed. Take, for example, z* = 0.75 (corresponding,
say, to M, = 0.8, M, = 0.8, and 6 = 37 deg, which is close
to the peak radiation angle for these conditions); then as can
be seen from Fig. 2, although it is clear that contributions
from regions inboard of the Mach radius are heavily sup-
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pressed by the Bessel function, it is not clear that contributions
from the outboard region effectively cancel each other even
for mB as large as 96. However, it is well known from a vast
fund of experience with asymptotics that the end result, Eq.
(11), may actually be useful over a much larger range of mB
and that the range of validity of an asymptotic expression can
only be ascertained through comparisons with the exact re-
sults. In this case the comparisons are made in Figs. 3 and 4,
where the “‘exact results” are obtained from numerical eval-
uation of Eq. (1), with careful use of standard IMSL or NAG
routines for evaluation of the Bessel function and the inte-
gration itself. In both figures, the spanwise source function
S(z) has been taken as constant, a choice that tests Eq. (11)
severely, because the next term in the asymptotic develop-
ment, after the Mach-radius term given in Eq. (11), comes
from the tip (as will be shown in a companion paper on higher-
order corrections in the asymptotic theory) and naturally has
a much larger value when §(z) is constant out to the tip than
when S(z) drops (say parabolically) to zero at the tip, as it
would for both loading and thickness distributions.

InFig. 3wetake M, = M, = 0.8,8 = cos™! M, = 37 deg,
and B = 12, and plot P,, as a function of mB from mB =
12 to mB = 120. Equation (11) is seen to be quite accurate,
and indeed uniformly accurate, over the whole range. The
small oscillations are associated with the tip effect that one
can expect, on the basis of Eq. (9), to be proportional to
cos(0.16mB + «,) for some constant «,. Just such oscillations
are seen in Figs. 3 and 4 and will be accounted for in a formula
to be given in the companion paper. In Fig. 4 we take M, =
0.8, 0 = cos™' M, = 37 deg again, but now we plot P,, against
tip rotational Mach number M,, for a 12-bladed propeller and
for m = 1,2. Again, the leading-order Mach radius contri-
bution Eq. (11) is seen to provide the dominant radiated field,
with sinusoidally varying perturbations, of relative order
(mB)~"2if §(z) is constant near the tip, from the tip. Note
that the angle 6 = cos™' M, chosen for these tests is close to
the peak radiation angle.

III. Chordwise Noncompactness Effects

When the chordwise wave number k, exceeds unity, the
effects of chordwise noncompactness become significant. These
effects will be most important at high forward speeds, where
the Doppler factor can produce a considerable increase in k,.

From Egs. (5) and (6), and the definitions in the Nomen-
clature, we see that noncompactness at each radial station z
can be represented by the factor

v = fi FXOIHX + ) — HX - Hle~w¥dX  (12)

where f(X) is a general chordwise shape function correspond-
ing either to F(X) (blade loading) or A(X) (blade thickness),
and H is the Heaviside unit function. Since the shape functions
are always of algebraic form in the region of the blade leading
(L) and trailing (7) edges we can put

AX) ~ o, + X)t as X — —3
FX) ~ arlt — X s X >4 } (13)

An integrable singularity in the leading-edge loading can, as
usual, be tolerated, corresponding to —1 < v, < 0.

As in previous sections, mB is assumed to be large so that
k. is also large. We can then evaluate Eq. (12) asymptotically,
using the methods outlined in Chap. 4 of Lighthill,* leading
to

_ a v lexp[ =ik )2 F i(v, + Dw/2]

v
[kx|u1_+1

o lexp[Fik |2 * i(vy + 1)m2]
+ Ik |vT+1

(14)
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where the upper or lower signs are used according as m, the
harmonic index, is positive or negative. Consider first the case
v, < vr, where the shape function f(X) is weighted toward
the leading edge. The first term in Eq. (14) is then dominant.
Second, when the chordwise shape function is symmetric we
have

o, = 0p = a, v, = V=V

say, and Eq. (14) reduces to

2av! k. ™
~ WCOS[LZ—I - (v + 1)—2-] (15)

In this case the noise level will oscillate as k, is increased, and
the envelope of the oscillations will reduce as |k,|-*~'. The
two results, Eqgs. (14) and (15), provide a simple description
and explanation of the results found by Hanson!® (see, in
particular, his Fig. 9) who examined (numerically) three types
of chordwise shape function for loading noise. Of these, two
were leading-edge dominated and had almost identical mon-
otonic algebraic decay of ¥ with increasing k., differing only
in a constant corresponding to different values of «,, the
distributions elsewhere over the chord being irrelevant. The
third was essentially symmetric about the midchord and gave
oscillatory behavior in ¥ due to correlated comparable lead-
ing- and trailing-edge effects, with algebraic envelope decay
similar to that of the first two.

The importance of expressions Egs. (14) and (15) is that
1) they show how noncompactness effects at each station are
dominated by leading- or trailing-edge behavior, and 2) they
form a basis for subsequent evaluation of the spanwise integral
that is needed to determine the overall acoustic benefit of
noncompactness. This overall benefit cannot necessarily be
assessed by examining a single blade section (as was done in
Fig. 9 of Hanson'®).

Assume now that the noncompactness factor is given
asymptotically by the first term in Eq. (14), i.e., the shape
function f(X) is weighted toward the leading edge. Then, from
Egs. (1) and (14),

P, ~ a,v,!exp [Ii(v,_ + 1)1;-]

VoS(2) z .
_P\e) 2 ) o= ilkid2
" |kx|"L“]mB (mBZ*>e dz (16)

where S(z) is now understood no longer to contain the non-
compactness factor ¥, The form of the integral in Eq. (16)
is similar to that in Eq. (8) except that now there is another
rapidly varying function of mB in the noncompactness phase
term. This leads to considerable complications in general, and
these will be dealt with in a separate paper on all such spanwise
interference effects. However, we can get a result that gives
a first estimate of the (very strong) effects of noncompactness
by assuming k, to be approximately constant with radius; then
we can proceed as before and arrive at

iliey|

1 %Y o %
v SE" [:i(vL + 1)% + —2—] (17)

where £} is the value of k, at z = z*. For k, to be constant
with radius we are assuming, essentially, that the projection
of the chord onto a line parallel to the engine axis is constant
with radius. There are thus no spanwise interference effects;
such effects are actually analogous to those of sweep.
Equation (17) is superficially similar to Eq. (11) that, we
observed, indicated the production of logarithmic singularities
(or worse). However, taking into account the dependence of
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S(z) and k, on mB, we find that Eq. (17) decays as
sgn(mB)|mB| -~ for the loading component of the sound
field and as |mB| ~* for the thickness component. (The actual
dependence on mB is more complex than this; a full descrip-
tion of the harmonic components and the associated wave-
forms is given in the Appendix.) Consider first three types of
loading distribution. When there is an integrable singularity
in the leading-edge loading (—1 < v, < 0), there are weak
algebraic singularities in the waveform; when the leading-edge
loading is finite (v, = 0), logarithmic singularities are gen-
erated; and when the leading-edge loading is zero (v, > 0),
there are no singularities generated (though there are sin-
gularities in some derivative of the pressure).

Consider next thickness noise, where the harmonic decay
is controlled by the shape of the leading edge. For a blunt
leading edge (0 < v, < 1), there are weak algebraic singu-
larities in the waveform; for a wedge-shaped leading edge (v,
= 1), logarithmic singularities are generated; and for a cusp-
shaped leading edge (v, > 1), there are no singularities in
the waveform. The results for thickness noise in the case of
a blunt leading edge agree with those obtained previously by
Tam! and Chapman!! and in the case of a wedge-shaped
leading edge with those obtained by Amiet.!?

It is interesting to note the variations with tip rotational
Mach number M,. Here we must take account, through Eq.
(9), of the variation of z* with M,, and we must note that if
M, and 6 are fixed, then as M, varies, the section relative
Mach number M} at the Mach radius also stays fixed. For
loading noise we find P, ~ M, v '. Since, for loading, v, is
always greater than —1, this means that P, is a decreasing
function of M,. For thickness noise we find P,, ~ M, %, Since,
for blade thickness, v, is always greater than 0, this shows
again that P,, is a decreasing function of M,. This algebraic
decrease contrasts markedly with the exponential increase at
subsonic tip speeds that was discussed in Part I. Note that it
is essential to incorporate chordwise noncompactness effects
if the decrease of P,, with increase of M, is to be predicted.

In Fig. 5 a comparison is shown between a full numerical
calculation and the asymptotic approximation Eq. (17) for a
12-bladed propeller of constant chord. The plot shows the
reduction in the thickness noise component due to noncom-
pactness for the first two harmonics of blade passing fre-
quency. The values of a; and v, were determined from the
form of the full chordwise shape function in the region of the
leading edge. The shape function was chosen so that v, = 1
and v, = 2. From Fig. 5 it can be seen that the asymptotic
approximation agrees quite well with the full numerical cal-

25 r
Second harmonic Asymplotic e
20p TR -
-— ==
/ Numerical
15 |
ASPL(dB)
10 ¢ Numerical _
First harmonic -
e Asymptotic
5 =7
o s . L "
0.7 0.75 08 0.85 0.9

Tip rotational Mach number

Fig. 5 Comparisons between the full numerical evaluation of Eq. (1)
and the asymptotic prediction of Eq. (17) for the effects of chordwise
noncompactness. The ordinate refers to the difference A between the
compact-chord case [W = 1 in Egs. (3) and (4)] and the actual finite-
chord case. The propeller has 12 straight blades, the flight Mach
number is M, = 0.8, and the emission angle is 8 = cos~! M,.
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culation over the range of tip speeds examined. At second
harmonic, there is very close agreement between the two
calculations at the lower tip speeds but some discrepancy at
higher tip speeds. Since the approximate calculation is asymp-
totic in mB, we would generally except the results at second
harmonic to be more accurate than those at first. However,
in deriving Eq. (17), we assumed k, to be approximately
constant with z, and we find that, for a propeller of constant
chord,

dfk|_  mBMjz/D
dz\ 2/ (1 — M, cost)M?

At first harmonic, for the case under consideration, (d/dz)
(k,/2) is less than 1 for the range of tip speeds examined,
indicating that, to a first approximation, the variations in
phase along the blade span can be neglected. This is confirmed
by the agreement between the asymptotic and numerical pre-
dictions in Fig. 5. However, at higher harmonics the phase
variations along the blade span will be significant and the
asymptotic approximation Eq. (17) will be inaccurate, par-
ticularly at high tip speeds, and this is evident in the second
harmonic results in Fig. 5.

To improve on the local result in Eq. (11), or the global
result in Eq. (17) incorporating noncompactness in the special
case k, = const, we have to return to the integral Eq. (16)
and properly account for the competition between spanwise
interference effects associated with chordwise noncompact-
ness and the basic radiation efficiency Bessel function factor.
This can be done, but the results will be presented elsewhere
because one can at the same time include the effects of blade
sweep, which are very similar to those of noncompactness and

which are sufficiently important (and novel) that they call for

more detailed analysis than can be given here.

IV. Concluding Remarks

The essential point of this paper has been the identification
of the Mach radius as the dominant source of supersonic
propeller noise, and the derivation of Eq. (11) for the Mach
radius radiation. This formula governs the acoustic field in
and ahead of the rotor plane up to the angle for which the
Mach radius coincides with the blade tip. Further ahead, the
radiation is essentially of subsonic type, is dominated by the
blade tips, and is described by thé subsonic radiation expres-
sions of Part I. Good agreement has been found between the
asymptotic prediction and the results of full numerical eval-
uation of the radiation integrals. The transition between sub-
sonic and supersonic radiation, as z* moves through the tip
value 1, will be given in a companion paper on higher-order
approximations of the large-B theory.

A first approximation has been given here to effects of
chordwise noncompactness on supersonic propeller noise. These
effects indicate that as tip Mach number increases, the har-
monic components of the radiation increase exponentially in
the subsonic range but decrease algebraically for Mach-radius
radiation. Inspection of the variation of the Fourier compo-
nents of large order m indicates (see Appendix) that singu-
larities are produced on certain surfaces in the field, and the
singular nature of the pressure has been obtained, for both
thickness and loading noise, and with inclusion of forward
(axial) Mach number effects. These results are general and
complete, although they are only sketched briefly in the Ap-
pendix, and include a number of results previously published
and relating to restricted conditions.

One point should be stressed with regard to the Mach ra-
dius. In general, the Mach radius and sonic radius (defined
by M, = 1) will not coincide, and therefore in general tran-
sonic aerodynamic codes will not be needed to provide the
loading input to Eq. (11).
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Appendix: Harmonic Series and Pressure Waveforms
for Straight-Bladed Supersonic Propellers
On suppressing constant factors we find that the waveform
generated by a straight-bladed propeller operating at super-
sonic conditions, when noncompactness effects are also sup-
pressed for the present, is of the form

- . Qt — rycy) o
X m;xexp{LmB[———-—(1 — M_cos0) 2 ll’o]} (A1)

We now consider three cases: first, S(z*) independent of mB;

second, corresponding to steady loading noise, S(z*) ~ mB;

third, corresponding to thickness noise, S(z*) ~ (mB)>.
Define the function

F(§) = B&sgn(§) exp[i£B(Qp1 + o)) (A2)

where (1, represents the Doppler shifted angular frequency
Q/(1 — M, cos 8),7 the retarded time (f — ry/cy), and o =
w2 — {5,. The parameter m can take the values —1, 0, and
+1 corresponding, respectively, to the three cases above.
The Fourier transforms are, in the notation of Lighthill,*

GO0 = | F®) exp(-2ntx) (A3)
— 2
=—B—/;, QDT+OL“_Z>£, nm= -1 (A4
2i 2y

-1
= §<QDT + a — ?>, n=20 (A5)

-2
-2 2
é—<QDT+a—ﬂ>, n=+1 (A6)

Now use Poisson’s summation formula (Theorem 28 in
Lighthill'#)

0

S Fmy = Y G (A7)

m= —x n=-—x

to get the waveforms generated in the three cases as

-2 & 2wn
p(t)"*—é— Z e QDT+0L-?, n= -1 (A8)
-1
= 2
~% > <QDT+OL—'%’I>, n=0  (A9)
~%2 > (QDTJFOL—Z%”), n=+1 (Al0)

In each case, each of the summed singularities corresponds
to the passage of a blade.

If we include noncompactness effects then, on suppressing
constant factors, we can write the acoustic waveform as

p(®) ~ mgx ’ZSI%IZVL—L exp[imB(QDT + a¥)
—i(v, + 1) g sgn(m)jl (ALD)

where o* = Ki2mB + m/2 — .
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For the loading noise source with —1 < v, < 0, define the
function :

F(¢) = {cos[(v,_ +1) ﬂ

— sgn(k) sin[(vL + 1) g]}la—u—l sgn(g)eiB@oT+an)
(A12)

then proceed as above to obtain

£

p®)~ =2i(—v, = DIBt > |Qpr + o* — 2am/B|"

= o

. fv,m 0y 2mtm
X {sm(—'i——) cos[(vL +1) 5] sgn(QDT +a* — T)

+ sin[(vL +1) -121] cos(%)} (A13)

The waveform thus contains weak algebraic singularities. Sim-
ilar analyses for v, = 0 and v, = 1 produce the waveforms

= 2
PO ~2 S i |Qpr + o - —%”1 (A14)
. - . 2mm B
p(t) ~ 2iB m;x <QDT + a* - —B—)[/u <Zr_>
2mm
+ 4(Qpr + a* — B (Al15)

respectively. The waveform in Eq. (A14), which is generated
by a loading function finite at the leading edge, contains pe-
riodic logarithmic singularities. In Eq. (Al5), representing
the waveform generated by a loading function that is zero at
the leading edge, the singularities have effectively been re-
moved.

For the thickness noise source define

G&) = {cos[(vL + 1) 72—’]
— isgn(§) sin[(vL + 1) g:}}|§|‘“ei§3(90*+“*) (A16)
and then, for 0 < v, < 1 (airfoil with a blunt leading edge),

we obtain the waveform

- vL—1

p(e)~2(—v, Bt Y

m= —=

X {cos[(l + vL)—g:l cos[(l - vL)g—ZI
+ sin[(l + VL):‘ZI:I sin[(l - vL)g:|

X sgn(QDT +a* — M)} (A17)

2mm
Qp7 + o ———
T +

B
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which is of the same form as Eq. (A13) and contains weak
algebraic singularities. For v, = 1 (airfoil with a wedge-shaped
leading edge), we obtain

- 2
P ~2 S 4 |Qpr + aF — —%—’"— (A18)

which is, basically, identical to Eq. (A14) and contains log-
arithmic singularities. For v, > 1, corresponding to an airfoil
with a cusp-shaped leading edge, the waveform is given by
Eq. (A17) which, since v, ~ 1 > 0, now contains no singu-
larities or discontinuities (except in pressure derivatives).
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